By combining two different techniques to construct multi-soliton solutions of the (3+1)-dimensional Skyrme model, the generalized hedgehog and the rational map ansatz, we find multi-Skyrmion configurations in AdS 2 × S 2 . We construct Skyrmionic multi-layered configurations such that the total Baryon charge is the product of the number of kinks along the radial AdS 2 direction and the degree of the rational map. We show that, for fixed total Baryon charge, as one increases the charge density on ∂ (AdS 2 × S 2 ), it becomes increasingly convenient energetically to have configurations with more peaks in the radial AdS 2 direction but a lower degree of the rational map. This has a direct relation with the so-called holographic popcorn transitions in which, when the charge density is high, multi-layered configurations with low charge on each layer are favored over configurations with few layers but with higher charge on each layer. The case in which the geometry is M 2 × S 2 can also be analyzed.
Introduction
One of the most intriguing theoretical results in Quantum Field Theory (QFT henceforth) has been the realization that fermions can emerge out of a purely Bosonic Lagrangian as solitonic excitations (for a detailed review see [1] ). The clearest demonstration of the importance of this result, which goes far beyond theoretical physics, is given by Skyrme's theory [2] which is one of the most important models of nuclear and particles physics. The inclusion of the famous Skyrme term [2] allows the existence of static soliton solutions of the pion non-linear sigma model with finite energy, called Skyrmions (see [3] [4] [5] [6] ) describing Fermionic degrees of freedom (see [7] [8] [9] [10] [11] [12] [13] [14] [15] and references therein). Furthermore, the wide range of applications of this theory in other areas (such as astrophysics, Bose-Einstein condensates, nematic liquids, multi-ferric materials, chiral magnets and condensed matter physics in general [16] [17] , [18] , [19] , [20] , [21] , [22] , [23] , [24] and [25] ) is well recognized by now.
Recently, the generalized hedgehog ansatz introduced in [26] [34] allowed the construction of the first analytic multi-Skyrmions at finite density as well as the first exact gravitating smooth, regular and topologically non-trivial Skyrmions configurations. Interestingly enough, very similar techniques also work very well in the case of non-Abelian monopoles [35] [36] .
On the other hand, a very powerful technique to construct multi-Skyrmionic configurations in unbounded regions is given by the so-called rational map ansatz introduced in [15] (a detailed review is [4] ). Such ansatz replaces the usual isospin vector of the standard spherical hedgehog ansatz with a more general rational map between two-spheres. Then, one can minimize the energy with respect to both the Skyrmion profile and the rational map: the resulting analytic configurations are extremely close 1 to the true numerical solutions (see, for instance, [37] [38] and references therein). Hence, the rational map ansatz is one of the most powerful analytic tools in Skyrme theory which provided, for instance, a very detailed explanation of the appearance of fullerene-like structures (as it was already argued in the original references [15] [37] [38] ). Moreover, the rational map has already been tested (and with excellent results [39] ) on curved backgrounds. Despite the fact that the rational map approach (unlike, for instance, the generalized hedgehog ansatz) does not produce exact solutions of the full field equations [40] (although, as already mentioned, the results are very close to the exact ones), from the field-theoretical point of view, the rational map approach to the Skyrme model can be interpreted as a way to construct exact solutions but in the mean field approximation.
One of the most intriguing ( and not yet fully explored) issues related with topological charges is the analysis of their role within the AdS/CFT correspondence [41] (for a review see [42] ). In this framework, the role of Noether charges of the bulk theory is quite well-understood from the boundary point of view. On the other hand, there are not so many examples of sensible bulk theories with explicit multi-solitonic solutions which are under control on the boundary. At least in the probe limit, this analysis is especially relevant in relation with the Sakai-Sugimoto model [43] . In particular, all holographic models of QCD describe baryons as topological solitons in the bulk. In the SakaiSugimoto model there is an identification between baryon number and instanton charge. Therefore, the construction of solitons in curved space, with a prescribed topological charge is a very relevant topic especially if the background geometry has AdS asymptotics. However, a bulk soliton description within holographic QCD and in particular within the Sakai-Sugimoto model is very difficult not only from the analytical but also from the numerical point of view. Nevertheless, it has been argued in [44] [45] [46] that when the density of topological charge increases, a series of phase transitions (called popcorn transitions) may happen. The lack of numerical computations has led to various approximate methods being employed to describe this phase, as follows. A very interesting approach has been to simplify the bulk models (decreasing the number of dimensions to 2+1: see in particular [47] [48]) in order to be able to perform a tractable numerical analysis. In this way it has been possible to discuss in detail the analogue of the popcorn transitions. These are phase transitions to multi-layered rings occurring as the topological charge (and consequently the density) increases. The motivation of the analysis carried out in this paper is to extend the above results by generalizing them to higher dimensions using the full original Skyrme model without losing the anaytical and numerical control achieved in [47] [48] .
In the present paper, we will first analyze the (3+1)-dimensional Skyrme model on AdS 2 × S 2 using the generalized hedgehog ansatz. This analysis provides one with a framework to study the holographic meaning of topological charges in AdS 2 × S 2 in a situation in which Skyrmions pile up in the radial "holographic" direction of AdS 2 (while the energy density is uniform in the S 2 directions).
Then, we will further generalize the results of the first part using the rational map formalism which is very suitable on the AdS 2 × S 2 background metric. The rational map ansatz [15] will be used to construct multi-layered configurations of Skyrmions in such a way that the Skyrmions can pile up not only in the radial AdS 2 direction but also along the angular directions of S 2 . In this construction, each layer is constructed following the rational map ansatz [15] while the layers are piled up on the top of each others according to the rules determined in [26] [34] . In the present framework, we observe the analogue of popcorn transitions in which, depending on the values of the coupling constants of the theory, for fixed total topological charge, configurations with more layers but lower densities are energetically favored over configurations made of a smaller number of layers but with higher densities. This paper is organized as follows: in the second section the theoretical basis of the paper is introduced and reviewed, in this section we present the original model and discuss the general hedgehog ansatz applied to our particular geometry. Section 3 is devoted to a similar analysis using the rational map ansatz, we also comment on holographic popcorn transitions. In the final section, some conclusions will be drawn.
Generalized hedgehog
In this section, the first tool to construct analytic multi-Skyrmionic configurations [26] [33] [34] will be shortly described. The action S Sk of the SU (2) Skyrme system in four dimensional space-times is
where the Planck constant and the speed of light have been set to 1, K and λ are the coupling constants, 1 2 is the 2 × 2 identity matrix and the t i are the basis of the SU (2) generators (where the Latin index i corresponds to the group index). The relations of the coupling constants K and λ with the couplings 2 F π and e used in [10] read
The non-linear sigma model term of the Skyrme action is necessary to take into account pions. The second term is the only covariant term leading to a well-defined Hamiltonian formalism in time which supports the existence of Skyrmions. In the context of AdS/CFT, it has been shown that the Skyrme model appears in a very natural way [43] : we will comment more on this in the following sections.
The Skyrme field equations are
The following standard parametrization of the SU (2)-valued scalar U (x µ ) will be adopted
In [27] [30] [31] [34] , in order to construct multi-Skyrmionic configurations the following class of curved background has been considered:
where g AB is a two-dimensional metric with Lorentzian signature 3 . The space-times described by the above metric can be visualized as "generalized cylinders" in which the transverse sections (instead of being two-dimensional disks) are two-spheres of constant radius R 0 while the t − r geometry is defined by the two-dimensional metric g AB (t, r). In the following analysis, R 0 will play an important role to connect the present results with the holographic popcorn transitions mentioned in the introduction.
The reason is that R 0 can act as a control parameter to increase/decrease the charge density on the boundary of AdS 2 × S 2 . In particular, once a multi-Skyrmionic configuration with a prescribed topological charge on the boundary is constructed, it is possible to increase the charge density on the boundary by decreasing R 0 . In this way, we will show explicitly that popcorn-like transitions do indeed occur in our setting.
The well known result that elementary Skyrmions should be quantized as Fermions (which originally was derived on flat spaces) has been extended to space-times with compact orientable threedimensional spatial sections in [50] (the metric in Eq. (4), which includes AdS 2 × S 2 as a particular case, belongs to this class).
When g AB is the two-dimensional Minkowski metric η AB , it is possible to construct multiple- The hedgehog ansatz suitable to describe a spherically symmetric Skyrmion living in the back- 3 The simplest choice analyzed in that references corresponds to gAB being the two-dimensional Minkowski metric ηAB. This case has been also considered in [49] but with different motivations.
ground of Eq. (4) is [30] [31]:
With the above ansatz the Skyrme field equations reduce to the following scalar differential equation
for the Skyrmion profile α:
where D 2 is the D'Alambertian with respect to the two-dimensional metric g AB , the coefficient Υ 0 in Eq. (9) is introduced to help the comparison with the rational map ansatz. On the other hand, the energy-density (that is, the 0 − 0 component of the energy-momentum tensor) reads
The winding number W for a static configuration of the form in Eqs. (6) and (7) reads:
Generalized hedgehog on AdS 2 × S 2
Here we will restrict the above formalism to the AdS 2 × S 2 case. In this case, the two-dimensional metric described by g AB is
where l is the two-dimensional AdS radius.
We will only consider static configurations:
in such a way that the full Skyrme field equations Eq. (8) reduce to:
where in the present case in which the rational map is trivial (as we are using just the hedgehog ansatz for the isospin functions in Eq. (7)) we have
The boundary conditions needed to find solutions with non-vanishing Baryon charge n are: α(0) = nπ and α(∞) = 0. We find solutions to Eq. (8) with these boundary conditions numerically. Our numerical solver involves an pseudo-time relaxation procedure in which the α(r) profile is evolved from an initial seed which satisfies the required boundary conditions. The differential operators are discretized by a finite difference method using central differences. The accuracy of this procedure is O 10 −3 .
The obtained solutions are shown in figures 1 and 2 for Baryon charge up to n = 8.
The numerical analysis shows that there are kink-like solutions with arbitrary Baryon charge which pile up in the r direction. It is worth emphasizing that the hyperbolic geometry of AdS 2 manifests itself in figures 1 and 2. The comparison with the results in [30] (in which case the two-dimensional geometry g AB was the flat Minkowski space-time) clearly shows that in the AdS 2 case the Skyrmions prefer to pile up as much as possible in a region of small r: this is a fingerprint of the "confining effect" of the AdS geometry. From the same figures (and taking into account the results in [30] ), one
can also see that when r is large enough (r/l > 6 in our units) there is no longer enough volume to fit further Skyrmions. The obvious explanation is that g rr (and, correspondingly, the factor √ g space which determines the volume of the t = const sections of AdS 2 × S 2 ) is very small for large r while the Skyrmion has its own natural size determined by the coupling constant of the theory. Thus, when r is too large, there simply is no space for extra Skyrmions. On the other hand, the energy-density profile along the angular direction is trivial so that a natural question arises: is it possible to probe the boundary of AdS 2 ×S 2 (namely, R×S 2 ) with more general multi-Skyrmionic configurations possessing non-trivial energy-density profiles along the angular directions as well? The rational map will answer this question.
Rational map ansatz on curved spaces
The rational map ansatz [15] achieves multi-Skyrmionic configurations replacing the isospin vector n i in Eq. (7) by a more general map between two spheres. The metric in Eq. (4) can be analyzed using the rational map approach thanks to its spherical symmetry. It is worth emphazising that the rational map ansatz is only an approximation (although a very valuable one). Consequently, the validity of all the results derived here is limited by the validity of the rational map ansatz itself. In particular, in order for this ansatz to work, only massless Pions should be considered.
As usual for spherically symmetric backgrounds, the Skyrme field living in the metric given by Eq.
(4), will be parametrized as follows
where z is a complex coordinate which, using the stereographic projection, can be identified with the coordinates on the 2-sphere:
From the mathematical point of view, a rational map R(z) is a holomorphic function from S 2 → S 2 .
Generically, R(z) can always be written as
where p and q are polynomials in z with no common factor. The degree N of the rational map R is defined as
namely, the integrand in Eq. (20) is the pull-back of the area form on the target space sphere of the rational map R itself. It can be shown that the degree N is equal to:
where n p and n q are the degrees of p (z) and q (z) respectively. The winding number W of the configuration in Eqs. (17), (18) and (19) (which can be identified with the baryon number B even in the case of the metric in Eq. (4) as shown in [50] ) reads
where
so that the winding number is the product of the contribution coming from the profile function α (more precisely, the number of kinks along the radial direction of AdS 2 or M 2 ) times the degree N of the rational map R.
the rational map ansatz in Eqs. (17), (18) and (19) reduces to the hedgehog ansatz in Eq. (4) The general strategy of the rational map approach 4 is to minimize the total energy with respect to both the soliton profile and the rational map R. It is worth emphasizing that the rational map minimization procedure is a two-dimensional problem which only depends on the geometry of the two-sphere. Consequently, the numerical results obtained in [15] [37] are fully applicable in all the geometries of the form in Eq. (4). Such a strategy is known to provide excellent approximations to the full numerical solutions (see for instance, [37] [39]). One of the main advantages of this framework is that it disentangles the radial coordinate r from the angular coordinates. It is important to note that disentangling the radial coordinate is only an approximation using the rational map ansatz (although a remarkably good one for small winding numbers, at least in the cases discussed in the literature on the rational map ansatz, see for example [15] [37] [38] and [39] ). Consequently, one can first minimize the energy functional with respect to the rational map (given its degree N ). Then, one is left with an energy functional which only depends on the profile function so that the minimization procedure is reduced to a one-dimensional problem. The minimization of the rational map for degrees N ≤ 108 together with the analysis of the corresponding discrete symmetries has been already performed in detail in the literature (see for instance, [37] [38] and references therein): our analysis is based on the data of [37] . In particular, we will use the results contained in table 1 page 17 of [37] . As it has been already mentioned, these results are fully applicable here as they depend only on the angular part of the metric (the S 2 part of the four dimensional manifold). Since the rational map works very well for massless Pions and not too large topological charges, in the following numerical analysis we have limited our attention to values of the Baryon charge B less than 15 (which is a range of values for B
that has been well-tested in the literature on the rational map ansatz). Moreover, the rational map ansatz has been analyzed in detail on flat space-times or on curved but very regular space-times with bounded curvature. Consequently, we have chosen two background metrics (AdS 2 × S 2 and M 2 × S 2 ) which are products of constant curvature manifolds (in particular, in both cases analyzed here the curvature is globally bounded).
As an introduction (which nonetheless presents new results) we will first analyze the rational map ansatz in the simpler case of M 2 × S 2 (analyzed in [30] [31] [34] ) and then we will go back to the AdS 2 × S 2 case.
Rational map on M 2 × S 2
As emphasized in [30] [31] [34] , the case of M 2 × S 2 , which corresponds to
is especially suitable to describe finite-volume effects without breaking the spherical symmetry. This geometry describes a tube-shaped region whose transverse sections are two-spheres S 2 instead of disks.
The boundary conditions for the profile α in topological sector n are
Hence, a configuration of the form in Eqs. (17), (18) and (19) In the present case, both the total energy of the system and the equation for the soliton profile α are simple generalizations of Eq. (8) and (11) . By direct computation, one can check that the total energy is
while, the equation for the Skyrmion profile α(r) reads
It is interesting to compare the rational map ansatz and, in particular, Eqs. (29), (27) , (28) and (30) with the corresponding equations for the standard hedgehog ansatz at finite volume in [30] . It is clear that the rational map ansatz corresponds to the following rescalings on R 0 and Υ 0 in Eqs. (8), (9) and (10):
namely, the rational map decreases the effective area of the sections of the tube by a factor 1/N (so that R 2 in Eq. (31) (20)) corresponds to the quantity "B" (which appears in the first column of table 1 page 17 of [37] ). Therefore, the relevant quantity η defined in Eq. (31) appears in the fourth column of table 1 page 17 of [37] . These values of [37] will be used in the numerical analysis of the following sections.
The minimization procedure for the rational map R corresponds to minimizing the integral Υ in Eq. (26) subject to the constraint that the degree of the rational map in Eq. (20) is N (see for instance, [37] [39] and references therein). Hence, one can see that the effect of the rational map ansatz can be interpreted as the rescaling in Eq. (31) of the coupling constants appearing in the field equation (8) for the profile in the case of the standard hedgehog ansatz. Also in the case of the rational map, the equation (29) for the profile can be solved as follows
where I c is an integration constant. The dependence of the integration constant I c on the number of layers n is determined by the following condition
where for definiteness we will consider only the + sign in the above equation and l ef f (which is the total length of the tube divided by the number of layers) is the effective length available for each layer along the r-direction. It can be easily shown that this equation for I c always has a smooth regular solution with I c ≥ 0.
5 According to all the available numerical data (see [37] [38] and references therein), in the large N limit the effective coupling η defined in Eq. (31) has a smooth behavior (at least until N = 108) staying almost constant, or slowly decreasing, when N is large. The fact that Υ is of order N 2 can also be understood by comparing the definition of N in Eq. (20) with the definition of Υ in Eq. (26) .
A non-trivial BPS bound can also be derived:
One of the most important consequences of the fact that the equation (29) for the profile can be solved by quadrature as in Eq. (32) is that it allows one to derive a closed explicit form for the total energy of the system as a function of the couplings of the theory K and λ, of the geometric parameters R 0 and L characterizing the tube-shaped domain, and of n and N which are the number of layers and the number of particles for each layer respectively. In principle, this allows a detailed and explicit thermodynamical analysis of the system in which the explicit knowledge of the dependence of the Skyrmion profile α on r is not needed at all. This can be seen as follows. One needs the explicit dependence of the total energy on the parameters of the system which are K, λ, R 0 , L as well as on the Baryon number and on the rational map degree. At first glance, in order to achieve this goal one needs to know α(r) and then to plug the expression into Eq. (25) to reach the desired expression for the total energy. However, a simple trick provides us with the sought expression without the knowledge of α(r). Indeed, from Eq. (32) we get
1/2 dα and using the above expression to eliminate dr from Eq. (25) one obtains
where n is the number of kinks along the radial direction r. Thus, taking into account that I c is defined in Eq. (33), the above equation represents an explicit expression for the total energy of the system as a function of K, λ, R 0 , L as well as of n and N . For instance, one can derive the above expression with respect to L and R 0 to obtain explicit expressions for the longitudinal and radial pressures (namely, ∂E ∂L and
). It is also worth mentioning that for suitable values of I c Eq. (36) can be reduced to an elliptic integral [51] . We will not analyze this case in detail and focus on the more interesting case of AdS 2 × S 2 (in which, however, numerical analysis is needed).
Rational map on AdS 2 × S 2
Here we will apply the same procedure to AdS 2 × S 2 . Namely, the Skyrme field living in the metric in Eq. (13), will be parametrized using Eqs. (17), (18) and (19) . Then, the second step of the method is to minimize the total energy with respect to both the soliton profile and the rational map R. By doing this, one obtains for static configurations the following equation for the profile
with the same rescaling as in Eqs. (27) , (30) and (31) . Indeed, it is easy to check that this equation
can be written in the form
where η is given by Eq. (31) . The numerical values of the coupling η for many values of the degree N of the rational map as well as the corresponding discrete symmetries can, once again, be found in table 1 page 17 of [37] . This equation should be compared to equation (15) which corresponds to the trivial rational map. We see that the equations are extremely similar, this is why the constant Υ = 1 was introduced previously. The numerical constants in the latter equation are different from unity, corresponding to different degrees of the rational map. However, the general form of the solutions will be identical, hence we refer the reader to figures 1 and 2 for the general form of the soliton profiles.
Thus, as before, we conclude that the rational map decreases the effective area available for the 
Holographic-popcorn interpretation
The possibility to use the generalized hedgehog ansatz [26] Given a set of values for the parameters of the theory (namely, K, λ and R 0 ) and a fixed total Baryon number
(which, as explained in Eq. (21), is the product of the "number of kinks" along the radial AdS 2 direction times the degree of the rational map N ), is it energetically more convenient to have higher N and lower n or instead lower N and higher n?
This question has many features in common with the holographic popcorn transitions [44] [45]
[46]. In those references, it is argued that with increasing density a series of transitions takes place where the solitons crystal develops additional layers in the holographic direction. A very similar phenomenon was investigated in 2+1 dimensions in [47] [48] . In the recent publication [52] , the author Here we observe directly in 3+1 dimensions this kind of phenomenon in the case in which the geometry is AdS 2 × S 2 . A useful technical feature of the present framework is that R 0 in Eq. (4) acts as a control parameter allowing to increase/decrease the charge density on the boundary (see the comments below Eq. (4)). The equation for the profile (see Eqs. (15) and (38)) produces kinks in the radial "holographic" direction. One should visualize (since the geometry is a product AdS 2 × S 2 ) the situation as follows: at the position r i of each kink (where i = 1, ... , n) in the radial direction there is a layer (extending in the θ-ϕ directions of S 2 ) made of N "rational lumps". Such rational lumps (which are piled up along the holographic radial direction) are characterized by discrete symmetries:
here we will only consider the discrete symmetries analyzed in [37] . In each layer, the density is
so that, for fixed R 0 , increasing the degree N of the rational map means increasing the density in each layer and, in particular, on the boundary of the manifold which is
Correspondingly, one expects that if the density in each layer is too high, it is energetically favorable to decrease the well-known Skyrmion repulsion and to have more kinks (namely, more layers) but with a lower N .
The numerical results, presented in a separate page, confirm quite clearly the "popcorn pattern" In the case presented in figure 3 (c) the charge density on the boundary is 64 times smaller then in the case described in figure 3 a) . Correspondingly, as shown in 4, one can distinctly see that (no matter the discrete symmetry of the rational lumps 6 ) the most energetically convenient configuration is the one with the least number of peaks in the radial AdS 2 direction and that the energy increases by increasing the number of radial peaks (namely, n).
On the other hand, for larger charge density, one can distinctly see that (almost always) the most energetically convenient configuration is the one with the maximum number of allowed peaks (for given total Baryon charge) and that the energy increases by decreasing the number of radial peaks.
Thus, the present results show convincingly in a (3+1)-dimensional setting that, as the charge density on the boundary increases, it becomes more and more convenient to have multi-layered configurations in which the layers have low charge. 
Conclusions
In the present paper, multi-Skyrmions of the four-dimensional Skyrme model are constructed on AdS 2 × S 2 . In order to achieve this goal, two different techniques have been combined. The first one is the generalized hedgehog ansatz while the second one is the well known rational map ansatz.
The advantage of the present geometrical setting is that, even without going into a lower-dimensional theory, numerical analysis of multi-solitons can be performed (at finite density too) easily. We have shown that it is possible to solve numerically the equation for the Skyrmion profile for any degree of the rational map. The present results give strong evidence for the correctness of the popcorn transition pattern. However, this should ideally be checked by a full 3-D numerical calculation. Moreover, we have also discussed that case of M 2 × S 2 . Our results compare nicely with the ones in the existing literature on the subject. In particular, in [48] and [47] 
